The absence of any tendency toward rotation in the Trouton-Noble experiment is given a simple explanation.
described by Panofsky and Phillips (P&P) [3] and the apparent "paradox" is discussed there. [4] P&P make the unfortunate statement (on p. 349): "The torque predicted here is real enough to an observer moving with a velocity u relative to the two charges, and should in that case be measurable if there were no mechanical considerations involved." Further incorrect statements follow about "elastic stresses" depending on the velocity.
The null result of the TN experiment is given a simple explanation in Ref. [5] , and the apparent "paradox" is seen to be due to misinterpretation of prerelativistic terminology. To clarify the situation, we repeat the derivation here. We do it first for two point charges where the geometry is simpler. We consider two particles with charges q 1 and q 2 , connected by a rigid rod moving with velocity v 0 . The rate of change of momentum of particle 2 (if free to accelerate) is given by Eq. (15.64) of Ref [5] (and in numerous other texts): dp dt
where r is the vector distance to charge 2 from charge 1, and
We use the Gaussian system, and choose units such that c = 1.
The fact that r × dp dt = 0 is taken by Refs. [1] and [3] as evidence of a "torque" acting on the particles. However, if we look at the tendency of the charges to rotate about their center of mass, there is no tendency to rotate. This can be seen by looking at the relation between dp dt and acceleration a (defined as the rate of change of velocity), given by Eq. (15.4) of Ref. [5] :
Combining Eqs. (1) and (2) gives, for the initial acceleration of particle 2,
This looks like a complicated equation for a 0 , but it has the relatively simple solution (by comparison of the numerator of the RHS with the LHS)
This result shows that the initial acceleration of particle 2 would be in the same direction as r. This means that there would be no tendency for the moving rod in this example to rotate. We see that if a pre-relativistic definition of "torque" as r × (dp/dt) is used, there could be torque with no tendency to rotate. If the problem is discussed in terms of "tendency to rotate" there is no paradox to explain. It is only if a definition of "torque" taken over from pre-relativistic physics is used that confusion enters.
We have so far considered the case of two point charges, while the TN experiment was for a moving charged parallel plate capacitor. For a charged capacitor, we consider the force on one plate due to the other plate. The fields inside a parallel plate capacitor moving with velocity v are constant, and are given by (See the Appendix.)
where E 0 is the magnitude of the electric field in the stationary capacitor, and d is a vector from a point on the positive plate to the corresponding point on the negative plate of the moving capacitor. The force on one plate due to the other plate is given by the Lorentz force equation
where −Q is the charge on the negative plate and the factor of 1 2 enters because the fields between the plates are due to both plates. Again using Eq. (2) for the acceleration (if the plates were free to accelerate), we get
As before, this has the solution
This means that the tendency for acceleration of one plate (if let loose) is directly toward the other plate, and there is no tendency for the capacitor to rotate. The example proposed by Jackson again has two point charges, but charge 2 is free to move, while charge 1 is fixed permanently at the origin in a Lorentz system S ′ . Charge 2 is released from rest in system S ′ where it will follow a straight line trajectory. Both charges will have an initial velcoity v 0 in a system moving with velocity −v 0 with respect to system S ′ . Equation (4) still gives the initial acceleration of particle 2 in system S, but the velocity will now change with time, and Eq. (3) will change to
Since the change in velocity from v 0 is in the direction of r [as seen following Eq. (4)], the identity
will hold throughout the motion. Using this in Eq. (10), we get
As before, the numerator of the RHS is now proportional to the LHS, and we get the solution a = q 1 q 2 r
This means that the acceleration of charge 2 will be directed toward (or away from) charge 1 throughout the motion, with no tendency for rotation even though r × (dp/dt) = 0. The vector r from charge 1 to charge 2 will keep a fixed direction in system S, even though particle 2 follows a curved path. This was shown by Jackson [1] , by Lorentz transforming the trajectory of particle 2 from system S ′ (where particle 1 is at rest) to system S. We note that in all three cases, the relativistic transformation of the electromagnetic fields leads to a factor [r+v×(v×r)] in the Lorentz force between two charges, so r × dp dt is non-zero. However, a similar factor [a + v × (v × a)], appears in the relativistic connection between dp dt and the acceleration a. Thus, even though r × dp dt is non-zero, there is no tendency for rotation of the two charges.
We can also prove, as a general result (for any force defined by F = dp/dt), that if a force does not cause rotation in one Lorentz system, it will not cause rotation in any Lorentz system. We first show that if r ′ × a ′ = 0 in the rest system S ′ , where r ′ is the moment arm, then r × a = 0 in a Lorentz system S moving with velocity −v with respect to system S ′ . If S ′ is the rest system, then the transformation equations for acceleration are
and for the moment arm
where the subscripts and ⊥ refer to the components parallel to and perpendicular to v. The "turning moment" (that is the vector that is proportional to the angular acceleration) in system S is given by
If (r ′ × a ′ ) = 0, its parallel (to v) and perpendicular components must each equal zero separately. Thus, if (r ′ × a ′ ) = 0, (r × a) must also equal zero. We can get the same result for any two Lorentz systems by comparing each to the rest system. The general result is that if an object doesn't rotate in one Lorentz system, it won't rotate in any Lorentz system, in agreement with the general principles of special relativity. I see two lessons from the results in this paper:
1. In applying special relativity, we must be careful if we use pre-relativistic definitions and terminology. As examples, the use of terminology like "force" and "torque" can lead to error unless there is careful definition of precisely what is meant in the context of special relativity. Special relativity is generally clearer if these intermediate terms are just dispensed with.
2. We should treat any problem in the Lorentz system where it is simplest (e.g., the rest system of the capacitor), and rely on the Lorentz invariance of special relativity to preserve the physics for any other Lorentz system. Doing a simple problem in an awkward Lorentz system can lead to mathematical complexity with no better understanding of the physics, and open the door to confusion. It is obvious that the Trouton-Noble capacitor does not rotate in its rest system, but hundreds of pages have been written for the moving system.
